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In this paper we investigate some of the properties of harmonic and subharmonic 
functions delined on n-connected omain G. In particular, we study the behavior of 
subharmonic functions at every point of the boundary of G. We prove that if fis 
subharmonic and a, is the least harmonic majorant off then the lim sup taken 
along the normal to the boundary of G of f(z)/P(z, x) converges to the singular 
part of the boundary measure of u, evaluated at x. The result is true for every x 
belonging to the boundary of G. Q 1990 Academic PXSS, hc. 
Let G be a bounded domain whose boundary consists of (n + 1) analytic, 
closed, bounded, and disjoint curves, i.e., 
dG :=r,v ... VT,,, 
where r, is chosen so that G is included in the bounded 
component of r; ; 
G, := the component of the complement of rj that contains G. (0.1) 
Let 
H(G) = {f: G + C 1 f is holomorphic}. 
In this paper we study the boundary behavior of subharmonic functions 
on G at every point of the boundary. In this section we generalize a result 
of M. Stoll and W. Nestlerode on the unit disk [NS]; namely we prove 
that if f is subharmonic and u,- is the least harmonic majorant off, such 
that 
0022-247X/90 $3.00 
Copyright 0 1990 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
2 EWA WOJCICKA 
then 
where P(z, [) is the Poisson kernel for G, e is the singular part of p (with 
respect to ds), and lim, _ X,..H.. indicates that the limit is taken along the 
normal to r at x. 
I. PRELIMINARIES 
Let G be an n-connected omain defined by (0.1). 
As usual, g,(z, c) denotes Green’s function for D, and P&z, [) stands for 
the Poisson Kernel for G, i.e., 
1 &T,(z.i) 
P,(z, i)= -211 an 3 
r 
where z E G, [ E r, and alani denotes the derivative taken in the direction 
of the outward unit normal to r at i. 
We use the notation 
B(x, h) = {Z E Cl IZ - XI <A}, for i E G, d(i, r) = inf{ I< - yI I y E r}‘. 
The following elementary properties of Green’s function and the Poisson 
kernel are needed in our study of the boundary behavior of Green’s poten- 
tials. 
PROPOSITION 1.1. (a) There exist h > 0, and constants C1, C,, inde- 
pendent of z and x such that for all z E B(x, h) c G 
Cl d(z, r-1 
Iz--XI 
~P,(z~x)~c21z-x12~ (1.1) 
(b) There exists a constant c > 0, independent of z and [, such that 
(c) There exist h > 0 and cp independent of [ such that ty d(c, r) < h, 
p E G is fixed, then 
g,(p, i)>c, d(L 0. (1.3) 
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Proof The proof can be found in [Kr]. 
In our studies of subharmonic functions we use the following theorem. 
THEOREM 1.2. Let u(z) be a harmonic function in G. Then the following 
are equivalent : 
(a) I u(z)1 has a harmonic majorant in G. 
(b) u(z) = u,(z) - u,(z), where ui(z) 20, and ui(z) is harmonic for all 
ZEG, i= 1, 2. 
(c) u+(z) = max{ u(z), 0} has a harmonic majorant in G. 
(d) There exists a Bore1 measure p, on r, such that 
u(z) = frP,(z, i) 440; (1.4) 
furthermore tf 
44i) = u*(i) Hi) + Wi) 
is the Lebesgue decomposition of p, then 
lim U(Z) = U*(X), a.e. [ds]. 
Z’X 
-Ii’ 
(e) IflG’l)p”_, is a sequence of domains so that 
cc 
G= u G’, GicGi+l, i = 1, 2, . . . . 
i= 1 
each G’ is n-connected, and aGi = rb v . . . v ri,, where each rj, j = 0, . . . . n, 
i = 1, 2, . . . . is homotopic to rj. Then 
lim sup 
i-rm s 1401 ds(i) < ~0 Jc, 
and 
im sup s u+(i) ds(i) < 00. i&em JGI 
Proof The proof can be found in [Kh]. 
The next theorem investigates the boundary behavior of a harmonic 
function at every point x E r. 
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THEOREM 1.3. Let 
where CT is singular with respect to ds; then 
1 
!g P(z, x) -u<z,=~({x},, 
for all x E IY 
(1.5) 
Prooj The technique of this proof is similar to the one used in the 
proof of Theorem 3.2 in ENS]. 
Assume that first 0 2 0, a( {x}) = 0, and p E G is chosen so that 
s lu*(i)l P(P> i) ds(i) < ~0. r 
Let E > 0 be arbitrary. Then since c( {x}) = 0, there exists an arc Z, on r, 
centered at x such that 
(i) 41,) <E 
(ii) SIX lu*(i)l P(P, i) ds(Y) <E. 
Let N,(h) = {z E G I z = x - tn,}, where n, is the unit outward normal to r 
at x. By (1.1) there exist h > 0 and c >O such that if z E N,(h) then 
l/P&z, x) < C Iz - xl. Thus 
1 
- j J',(z, Cl 440 d c lz - xl fk x) r 
j P,(z, 0 lu*(i)l ds(i) 
1, 
+ c lz - xl s,, P,(z, 0 WC) 
+c /z-xX( J f’& 0 d IA (0. r-r, 
By (ii) and (1.1) 
c Iz - xl JIx J’,k 0 I~*(01 40 
<constant s P(P, i) lu*(i)l ds(i) Ix 
< constant . E, 
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where constant is independent of z and x. Again, by (1.1) we obtain 
Since z lies on the normal to r at x, (z-xl < Iz - cl for all [E r; thus 
c [z-xl 
s 
P(z, [) da([) < c. cT(z.x} < c. E. (1.7) 
1, 
Now, we need to estimate 
c b--xl 1 WY 0 d IPI (0 r-r, 
Choose z close enough to x so that 
[Z-XI <&.d(Z, r-z,). 
Now, if &r--Z,, by 1.1 there exists x such that 
d(z, r) Iz--xl 
‘(” i)‘m’C.d(z, r-z,)* 
and 
Iz-xI c,-, W, i)dlAi)l GC.E.IPI (0. (1.8) 
Now, combining (161.8) we obtain 
1 
- u(z) = 0. pJc P(z, x) 
Now, assume that cr( { x}) = a, and G = 0. Consider 6 = (T - a6 (Xj, where 
1, 
6,.x,(Y) = o 
L 
x=y 
x= y. 
By the above, 
1 
- 
!$x P(z, x) I 
P(z, i)[u*(i) ds(i) + do] = 0. 
r 
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But, 
Therefore 
Now, if cr is a sign measure then we decompose 0 into positive and negative 
parts, i.e., 
u=u+-u , u+ I u- 
and then the result follows for e+ and (T-. 
II. BOUNDARY LIMITS OF SUBHARMONIC FUNCTIONS 
In this section we investigate the boundary behavior of a subharmonic 
function that has a harmonic majorant. The following theorem, known as 
the Riesz Representation Theorem for Subharmonic Functions, is needed 
in our studies. 
THEOREM 2.1. Let f(z) be a subharmonic function in G which has a 
harmonic majorant, and let uf(z) be the least harmonic majorant of f(z). 
Then there exists a positive Bore1 measure, m, on G such that 
(a) m is finite on compact subsets of G, 
(b) there exists p E G such that 
s dp, i) dm(i) < 00, G 
(c) f(z) = q(z) - jG g(z, i) MC). 
ProoJ The proof can be found in [HK] 
DEFINITION. A measure m satisfying (a)-(c) of the previous theorem is 
called a Riesz measure for f: 
It follows from the construction of the least harmonic majorant, u,-(z), 
that 
if lim q(z) exists, then lim f(x) exists 
z-x z-x -IF ‘.“” 
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and both are equal. Thus if 
7 
U/(Z) = j P(z, m-f*(i) Mi) + do(i 
r 
then 
lim f(z) =f*(x) a.e. [ds]. 
Z’X ?I” 
DEFINITION. Let m be a Riesz measure on G. A functionf(z) defined by 
f(z) = jG g(z, 0 dm(i) 
is called a Green’s potential. It is well known that f f + cc and f is super- 
harmonic on G. 
THEOREM 2.2. Let f(z) be a Green’s potential on G. Then 
lim inf 12 -xl f(z) = 0 for all x E r. 
z + x 
?t” 
Proof Let p E G be such that 
I sY(P, i) Ml) < c*, G 
where 
f(z) = jG &dP, 0 WC). 
By (1.3) and by the fact that m is finite on compact subsets of G we have 
where again c, is a constant depending only on p. Let x E rj, and 
S,= {ierl Ii-xl <h}. 
We fix h small enough so that Sh is connected and simply connected. Now, 
f(z) = jSh g(z, 0 Wi) + jGe, ‘!Tc% 0 dM0 
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First, we consider the boundary behavior of 
Let z E Sh,*. Then by (1.2) 
45, r) ‘WC, r) ~ ___ dz~lwc,z-I,2~c h2 
for all [ E GS,,, where C is independent of [ and z. Therefore 
Hence 
Thus, by above, we can assume that supp m c S,,. We also can assume that 
N,(h) = s/r. 
Let 4 be a conformal map from U to S,,. Then there exist constants A, 
B, C, D such that 
0 <A < l@(z)1 < B for all z E I7 
and 
O<C<l[@-‘]‘(z)l<D for all z E G. 
Let L = b-‘(N,.(h)). Since 4-l is conformal, L I aU= T. 
Let d/i([) = d(mo d)(c). Then A is a Riesz measure on U. Hence by 
Lemma 3.1 in [NS] there exists a sequence {zn}r=, c L such that 
z, + #-l(x), and 
Now, since L I T we can assume that z, E rm - 1(,)(71/4), where r,(a) is 
a Stoltz domain defined by 
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Let y, = 4(zn). Then y, E N,X(h), and 
IYn-xl s, dY,> i)dm(i)< Iv,-xl js*R,(Yn, Oddi) 
= l4(z,) -d(d-‘(x))l j gu(z,, 0 d/i(i) u 
< B Izn - 4p’(x)l j g&r,, 0 MC) u 
< Const.(l - Iz, I) 1 g&,, 0 d40. u 
Hence 
lim IY,-4 J dy,, i)Mi)=O; n-C.2 G 
that is 
lim inf Iz - XI i g(z, [) = 0, 
z + x G -n” 
as desired. 
The final theorem of this section is a summary of Theorems 1.3, 2.1, 
and 2.2. 
THEOREM 2.3. Let f(z) be a subharmonic function with a harmonic 
majorant in G. Let u,(z) be the least harmonic majorant off be given by 
where da I ds. Then lim . . . . sup( l/P(z, x)) f (z) = o( { x} ) for all x E L Z’X, n 
Proof. First, we note that by (1.1) 
1 
->c (z-xl, 
P(z, x) 
where C is independent of z and x. 
By the Riesz Representation Theorem 
f(z) = q(z) - jG g(z, i) dm(i) 
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for some Riesz measure m on G. By Theorem 3.2 there exists a sequence 
{zn} such that {zn} c N,, z, + x, and 
Jimrn Iz, - xl S, &,, x) dm(i) = 0. 
Now, 
1 
O< lim ~ 
H-m P(z,, x) I dz,, 0 Wi) G 
< C nlimm Iz, - xl !*, g(z,, 0 MO = 0. 
Also, since 
we have 
Therefore 
lim sup 
z-x -n- 
&m = 4X>)? 
as desired. 
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